After recalling some facts about the differential geometry of non-metric connections in the formalism of differential forms, we introduce the idea of a Non-Metricity (NM) connection in a parallelizable manifold, whose associated connection 1-forms coincides with the non-metricity 1-forms (to be defined on what follows) relative to a class of cobase fields. Then, we proceed to formulate a theory of gravitation, that will be proven to be equivalent to General Relativity (GR), but which admits a natural geometrical interpretation where the gravitational field is completely manifest in terms of the non-metricity of a NM connection living in a parallelizable manifold M relative to the metric g induced by the gravitational potentials, besides the usual interpretation in terms of the curvature derived from the Levi-Civita connection of the spacetime manifold (M, g).
Introduction
In this paper, a theory of gravitation which will be proven to be equivalent to General Relativity (GR) shall be formulated, and then interpreted geometrically in such a way the gravitational field is manifest in terms of the components of the non-metricity field (defined in section 2.3) of a special connection living in a parallelizable manifold M , relative to the metric g induced (cf. section 2.1) by the gravitational potentials.
In order to do so, it will be necessary to recall a list of facts regarding the differential geometry of non-metric connections in parallelizable manifolds, which is presented in section 2 in the formalism of differential forms. In particular, we introduce the concept of Non-Metricity (NM) connections, which have the property that its connection 1-forms equals its non-metricity 1-forms (see section 2.1) relatively to a class of cobase fields.
Then, in section 3, we formulate our gravitational theory (using a Lagrangian density discovered by Wallner [10] , which is given entirely in terms of a cobase field representing the gravitational potentials and equivalent to the EinsteinHilbert Lagrangian density) and derive its field equations, which will be seen to be equivalent to a set of four coupled Proca equations
where M is the effective mass and (J α ) ∈ 1 M the effective sources of the gravitational potentials (g α ) ∈ 1 M (see Definition 26), and (J α ) ∈ 1 M the matter energy-momentum currents. Therefore, we deduce the relatively simple "force" law which follows from Eq.(1) and finally rewrite the latter in terms of the components of the non-metricity field (see Definition 6 and Lemma 34) of a NM connection relative to g.
Finally, in the Appendix A, we prove the equivalence between the Wallner and the Einstein-Hilbert Lagrangians by geometrizing the former, showing that a theory of gravitation can be formulated in a way completely independent of any geometrical interpretation, so that the geometry may be introduced thereafter by hand.
Non-Metric Connections
In this section, we shall formulate the Cartan identities relating the connection, non-metricity and Ricci 1-forms and the torsion and curvature 2-forms for a general connection D on any parallelizable manifold M .
Later on, we will introduce a pseudo-Riemmanian structure on M (that is, define a pseudo-Riemannian metric g), so that we can relate the geometrical objects mentioned above to the ones derived from the Levi-Civita connection ∇ of (M, g).
Definitions and Structural Equations
On what follows, let 1,2 (E α ) ∈ 1 M be a base field on M , (g α ) its cobase field and 3 g = η αβ g α ⊗ g β a metric induced by (g α ), where (η αβ ) = diag (−1, ..., −1, +1, ..., +1)
posses p negative and q positive eigenvalues. Observe that g is called Lorentzian when p = 1 or q = 1. We shall adopt the former convention. Also, let T be the torsion and R the Riemman curvature tensor of D, and (ω α β ) ∈ 1 M the connection 1-forms of D relative to the cobase (g α ). In fact, recall that for all X ∈ sec T M ,
Since we shall sometimes employ the Levi-Civita connection ∇ of the pseudoRiemannian space (M, g) in order to apply tricks of differential forms, we must distinguish its connection 1-form to that of D, so we introduce the following notation.
Notation 1
The connection 1-forms of the Levi-Civita connection ∇ will be denoted by (θ α β ), and they will be called the Levi-Civita connection 1-forms. 1 By an abuse of notation, here and thereafter, (f αβ... ) ∈ F signify a sequence (f αβ... ) α,β,... of elements of the family F , and greek indexes belongs to {0, 1, ..., dim (M ) − 1}. 2 Recall that (Eα) is called a base field if and only if every X ∈ sec T M can be written as a linear combination of (Eα). On the other hand, (Eα) is called a frame field if and only if (Eα) is a base field orthonormal according to a given metric (see [1] and [2] ). Therefore, a frame field requires more structure to be defined than a base field. So, we shall be careful in their distinction. Also, (gα) ∈ sec T * M is called the cobase field of (Eα) if and only if gα E β = δ αβ for all 0 ≤ α, β ≤ dim (M ) − 1, and (gα) is a coframe field if and only if (Eα) is a frame field according to some metric.
For brevity, a frame field and a cobase field will be referred to just as a frame and a cobase, respectively. 3 We shall sometimes write g (X, Y ) = X|Y , for all X, Y ∈ sec T M .
Also, let (T α ) and (R α β ) ∈ 2 M be the torsion and curvature 2-forms relative to the cobase (g α ), and recall that for all X, Y ∈ sec T M ,
The Ricci tensor Ric ∈ sec T 0 2 M of D is defined to be (up to an arbitrary sign) the contraction of R such that, for all
Since this holds for all β, we have just proven that
One can prove only by using the above definitions that the Cartan structural equations holds for an arbitrary connection D, see [1] . We shall, only for the sake of organization, state these equations as a Lemma.
Lemma 2
The connection 1-forms (ω α β ) and the torsion and curvature 2-forms (T α ) and (R α β ) of D relative to (g α ) obeys the Cartan structural equations
Given the recurrent use of the first Cartan structural equation in the following developments, for the sake of brevity, it is worth to introduce the next notation.
So now the first Cartan structural equation becomes just G α = −ω β a ∧ g β . The following definition of the non-metricity 1-forms (A αβ ) of D relative to the cobase (g α ) is nonstandard (besides its inherent simplicity), so we shall be more careful in its formulation.
Definition 4
The non-metricity 1-forms (A αβ ) ∈ 1 M of D relative to the cobase (g α ) are given by
The diagonal elements of (A αβ ) are the non-metricity 1-forms (A αα ).
Remark 5
The latter Definition is clearly not the most generic, since the metric used to define (A αβ ) was constructed from the cobase field (g α ) (that is,
A more general treatment would allow g to be any metric possibly defined on M . This would, on the other hand, introduce more structure on M than we need for our applications, something that we prefer to avoid. This therefore justify the term "relative to (g α )" employed above, instead of "relative to (g α ) for the metric g". 4 .
Definition 6 Let (A αβ ) ∈ 1 M be the non-metricity 1-forms of a connection D relative to the cobase (g α ). The components (Q αβγ ) of the field of nonmetricity are given by
To see a discussion about the non-metricity tensor belonging to sec T 0 3 M , cf. [5] . Such object will not be used in what follows, but encodes the same information as the non-metricity 1-forms.
Lemma 7
The non-metricity 1-forms (A α β ) are the symmetric part of the connection 1-forms (ω α β ), that is,
The reader whose educational background comes from Riemannian or Lorentzian worlds, which are generally reined by the Levi-Civita connection, usually think that ω αβ = −ω βα , which holds however only for metric connections.
In
We conclude this section by introducing a notation for the anti-symmetric part of (ω α β ), which will be related in an important identity to the connection 1-forms (θ 
Observe that, in the above notation, ω αβ = ω [αβ] + A αβ . 4 An alternative, which is universally adopted in the physical literature for anti-symmetry, is
But the component version of the semi-linear Einstein equation in terms of i [α A β]γ would become very cumbersome.
Useful Identities and the Decomposition Formula
Now we collect and prove some "tricks" which are necessary to study the gravitational equations with the formalism of differential forms. But more importantly, we also derive the decomposition formula for connection 1-forms of an arbitrary connection in (M, g) in terms of its non-metricity 1-forms and its torsion 2-forms, together with the Levi-Civita connection 1 -forms of (M, g) relative to a fixed cobase. The first Lemma proves an identity involving the codifferential of a cobase and the Levi-Civita connection 1-forms relative to that cobase. Such identity will be used only as an intermediary step, or trick, for the proof of the succeeding Lemmas. Because the Levi-Civita connection always exists in the pseudo-Riemannian space (M, g), its use will not imply in any no loss of generality.
Lemma 9
The codifferential δg α and the Levi-Civita connection 1-forms (θ α β ) relative to the cobase (g α ) are related by
To prove this, we shall need the following identity 5 .
Indeed, let ε αβγδ be the Levi-Civita totally anti-symmetric symbol. So
On the other hand,
Now we can establish the Lemma. Just recall that
The following Lemma utilizes the last one to give a result which is connection independent, that is, which holds in any parallelizable manifold 6 .
5 Which is the particular case of
for an arbitrary connection, where A = g αβ A αβ . Its proof follows the same tricks employed for the formula involving the Levi-Civita connection, but using dgα = −ω αβ ∧ g β + Tα and ω αβ = −ω βα + 2A αβ . 6 Even if Lemma 9 employs a Levi-Civita connection, recall that in any parallelizable manifold we can construct a pseudo-Riemannian space by choosing a frame field and declaring it to be orthonormal.
Lemma 10
The contraction of the differential of a cobase is related to the codifferential of that cobase by
In particular, it follows that
The identity of the next Lemma will be fundamental to relate the geometry of (M, g) with an arbitrary connection D to the geometry of (M, g) with the Levi-Civita connection ∇.
Lemma 11
The anti-symmetric part ω [αβ] of the connection 1-forms (ω α β ) of D relative to (g α ) are given in terms of G α = dg α − T α (recall that (T α ) are the torsion 2-forms of D) and of the components of the non-metricity field Q αβγ of D by
Indeed, recall the first Cartan structural equation,
Repeated contraction together with cyclic permutations yields
After summing Eqs.(5b) and (5c), multiplying by −1 and interchanging β with γ in i β i γ G α , we obtain
Now, summing with Eq.(5a), dividing by 2 and using the definitions of ω [αβ] (see Notation 8) and A αβ (see Lemma 7) yields
To remove the contraction i γ , observe that
and that
Lastly, since this holds for any contraction i γ and
we obtain the final form:
Because the non-metricity 1-forms and the torsion 2-forms vanishes in the Levi-Civita connection, the last Lemma applied to the Levi-Civita connection 1-forms (θ α β ) yields
(recall that θ αβ = θ [αβ] for ∇). The above equation is, of course, the correspondent of the Christoffel symbols of the classical tensor calculus, and express the fact that the Levi-Civita connection is completely determined by the cobase (g α ).
As a result, we can finally derive our decomposition formula.
Corollary 12
The connection 1-forms (ω α β ) of an arbitrary connection D is given in terms of the Levi-Civita connection 1-forms (θ α β ), the non-metricity
where
In fact, from the decomposition formula of Lemma 11 and
Recognizing that the first sum is just the Levi-Civita connection 1-form θ αβ (see Eq. (8)) and that the second sum is what we called T αβ , we conclude that
+ A αβ , the sum of its symmetric and anti-symmetric parts.
Remark 13
Observe that in the decomposition formula of ω αβ , the contribution of the torsion is given by the 1-forms (T αβ ), which have the same formal structure as the expression for the Levi-Civita connection 1-forms (θ α β ), see Eq. (8) . This symmetry between the contributions of θ αβ and T αβ is relevant to the teleparallel formulation of GR. Recall that in a teleparallel space (also called a Weitzenböck space) with a connection D, by choosing a teleparallel cobase
is the dual base field of (g α )), we have T α = dg α , in which case T αβ reduces to the right-hand side of Eq. (8) . Thus the torsion 2-forms in the teleparallel space (M, g, D), are (up to a gauge transformation dg α → dg α + dχ) in a one-to-one correspondence with connection 1-forms in a Levi-Civita space 8 (M, g, ∇). Hence, if a geometrical theory of gravity can be formulated in one space, it can be in the other [19] [9] [20] . To summarize,
We finish this section with another application of Lemma 11, proving a trick which will be useful in decomposing the Einstein 1-forms (defined in section 3) in terms involving the cobase field and its differentials.
Indeed, as usual, let (θ α β ) be the Levi-Civita connection 1-forms of (M, g), with g induced by (g α ). So,
Using well-know properties of contraction,
But, recalling Lemma 9,
Hence,
Recall Eq. (8) to obtain that 
The Non-Metricity Connection
Example 15 Let M be a parallelizable manifold, (x α ) a chart defined on some open neighborhood U ⊂ M and g = η αβ dx α ⊗dx β a metric induced by the cobase field (dx α ). The Levi-Civita connection of (M, g) is a NM connection, since its connection 1-forms vanishes. This is the trivial NM connection.
be the coframe field g 0 = dr, g 1 = rdθ and g 3 = r sin θdϕ. A NM connection D in U with adapted cobase g i is defined as follows. Let (A α β ) ∈ 1 M be such that,
and, for arbitrary differentiable functions f, g, h :
By declaring (A α β ) the non-metricity 1-forms of D, D is completely defined. So our desired NM connection exists but cannot be unique, given the arbitrarity of the diagonal elements of (A α β ). The obvious generalization of the following example shows that, given any metric on a manifold M , we can always define locally a NM connection with an adapted cobase field which is a coframe field in (M, g).
be the coframe field g 0 = f dx, g 1 = gdy and g 2 = hdz. Define a NM connection D with non-metricity 1-forms (A α β ) as follows. Let,
and define
and then D is, up to the diagonal elements of (A α β ), completely defined. The above examples suggests that a theory of gravitation with non-metricity may have additional degrees of freedom derived from the diagonal elements (A α β ), something which will be explored in another opportunity.
There exists an identity relating the Levi-Civita connection 1-forms relative to an adapted cobase of a NM connection to the components of the field of nonmetricity of that NM connection. This relation is expressed in the following Corollary.
Corollary 18 Let D be a NM connection on a parallelizable manifold M and Q αβγ the components of the non-metricity field of D relative to an adapted cobase (g α ) of D. Therefore, the connection 1-forms (θ α β ) of the Levi-Civita connection of the pseudo-Riemannian space (M, g) where g = η αβ g α ⊗ g β (that is, in the pseudo-Riemannian space in which the adapted cobase is a coframe field) satisfy
Indeed, by the decomposition formula of Corollary 12,
In the following Lemma, we state the condition which transformations mapping an adapted cobase of D into another adapted cobase must obey. The proof is exhibit in Appendix B.
Lemma 19
where (A α β ) are the non-metricity 1-forms of D relative to (g α ), Γ µν αβ is the "commutator-like" symbol
where (E α ) is the dual base field of (g α ).
The next Corollary specializes to transformations mapping coframe fields into coframe fields. 
In matrix form, the above Corollary says that a transformation M maps an adapted cobase field of a NM connection to another if and only if
where η = (η αβ ).
Gravitation and Non-Metricity
On what follows, we formulate a theory of gravitation on a parallelizable manifold which will be proven to be equivalent to GR, and its field equation and force law shall be derived. Then we show that the gravitational field in this theory can be represented as non-metricity. Our theory will be formulated starting with a gravitational Lagrangian density discovered by Wallner [10] , which is, as proven in Appendix A, equivalent to the Einstein-Hilbert Lagrangian density.
Definition 21 Let M be a four-dimensional parallelizable manifold. The Wallner Lagrangian density (WL) L :
where ⋆ :
More on the formulation of gravitation in terms of differential forms can be found in Thirring and Wallner [11] . Other works are [4] , [5] and [6] , the last ones using Clifford bundles. Additionally, one of the classic comparisons of gauge theories and gravitation in the formalism of fiber bundles and forms is Thirring [12] . See also [13] .
From now on, cobase fields shall be called gravitational potentials, and our theory begins with the assumption that the gravitational potentials are cobases adapted to some NM connection, and their set will be denoted by D. By the examples of the last section, we see that D = ∅.
Lemma 22
The restriction L| ∧D of the WL to cobases belonging to D is
, and only the first term of the WL remains.
Remark 23 Because any theory whose Lagrangian is formulated in terms of differential forms is invariant under diffeomorphism transformations [5] [7] , the restriction of the WL to gravitational potentials in D cannot affect the diffeomorphism invariance of the resulting field equations. Now we derive the variation of the WL. Lets denote by δ a variation of (g α ).
Recall that a variation of (g α ) imply in a variation of ⋆, as the definition of the Hodge dual involves the metric induced by (g α ). To account for its variation, we introduce the following Lemma.
Lemma 24 Let ω, θ ∈ p M . Under a variation δ of (g α ),
In fact, recall that the element of volume
So,
where we have used in the last equality i ω θ = (−1)
In what follows, we compute the variation of L| ∧D , proceed to determine the field equations from the variational principle and then simplify the resulting equations using some manipulations and tricks of differential forms.
We shall consider in the following arguments only vertical variations δ, i.e., variations which are not accompanied by a diffeormophism transformation [5] [8] and which will keep the metric g induced in the bundle of differential forms fixed, so that we are still able to contract differential forms with i :
Lemma 25 The variation of L| ∧D under a variation δ of (g α ) ∈ D is, up to an exact differential,
where (G α ) ∈ 1 M are the Einstein 1-forms
Indeed, from Lemmas 22 and 24,
The first variation can be decomposed as
so that the total variation is
The first term in Eq.(13) can be developed, giving
Recalling Lemma 10, which says that i β dg β = −δg β ∧ g β , and using the same argument leading to Lemma 22 to obtain dg β ∧ g β = 0,
On the other hand, the second term of Eq. (13) gives, up to an exact differential, that
However,
and so
Lastly, from Eqs. (13), (14) and (15),
Before deriving the Einstein equation from the variational principle, it is opportune to decompose the Einstein 1-forms in many however very simple terms, each one involving just the gravitational potentials, its differentials and codifferentials, and then regroup the latter in a physically appealing way.
Definition 26
The effective mass M, the effective sources (J α ) and the energymomentum currents (T α ) of the gravitational potentials (g α ) ∈ D are the function M : M −→ R and the 1-forms (J α ) , (T α ) ∈ 1 M for which
and
Lemma 27 The Einstein 1-forms (G α ) ∈ 1 M of the gravitational potentials (g α ) ∈ D (see Eq. (12)) can be written as
In fact, the most complicated term of Eq. (12) reads
and from our trick of Eq. (9),
Now, remembering Eq.(7) used in the proof of Lemma 11,
since g γ ∧ dg γ = 0 by the argument proving Lemma 22. So,
From Eqs. (17), (18) and (19),
Now, by Lemma 22 and Appendix A,
Therefore, Eqs. (12), (20) and (21) yields the following form of the Einstein 1-forms
which, after collecting the terms involving g α and δg β and using
gives
Remark 28
The above expression of the Einstein 1-forms can be derived from the decomposition due to Thirring and Wallner [10] [11] (rediscovered by Sparling [14] ), for which
where (π α ) ∈ 2 M are called the superpotentials and (t α ) ∈ 1 M the pseudocurrents. For the record, π α and t α are given in terms of the Levi-Civita connection 1-forms (θ α β ) by
Both can be derived from the formula of G α given in terms of the curvature 2-forms (R α β ) of the Levi-Civita connection of (M, g), namely, [3] [4]
and from the second Cartan structural equation. Such Thirring-Wallner form can be expressed just in terms of g α and dg α by using Eq. (8), which was exactly the motivation which lead Wallner to the Lagrangian of Definition 21. On the other hand, the idea of expressing the Einstein 1-forms as
so that the vacuum Einstein equation, as we shall see, becomes a conservationlike equation δdg α = T α , is due to Rodrigues [16] . As it will be proven very soon, in our formalism, this lead the vacuum Einstein equation to be equivalently formulated as four coupled Proca equations with mass M and sources J α .
The variational principle can finally be applied. To account for the matter energy-momentum currents
α , details of which are described in [3] or [4] .
Corollary 29 Let S : D −→ R be the action functional
for V ⊂ M a compact four-dimensional submanifold. Thus S is stationary under a vertical variation δ of (g α ) ∈ D, that is,
if and only if the Einstein equation G α = −J α is satisfied, i.e.,
In fact, one can prove that [7] 
and Einstein equation follows.
In our formalism, the Einstein equation is therefore a set of four coupled non-homogeneous Proca equations
where M is the effective mass and J α the effective sources of the gravitational potentials (g α ), and J α the matter energy-momentum currents. Hence, the gravitational equations becomes a coupled system of Proca equations whose effective mass depends on the gravitational potentials and the sources are both from gravitational and matter origin. This express the nonlinearity of gravitation, or the intuitive idea that the gravitational energymomentum currents itself interacts with the gravitational field.
Remark 30
The interaction of the gravitational energy-momentum currents T α with the gravitational field is hidden in the old-fashioned geometrical formulation of GR in the Levi-Civita space (M, g,∇) , where Einstein equation becomes in terms of the Ricci 1-forms (R α )
such that only the matter energy-momentum currents J α appears at the righthand side, while the gravitational currents T α is disguised in the "geometrical" left-hand side.
Remark 31
The introduction of an effective mass M, which is derived completely from the gravitational potentials g α and its differentials, cannot be interpreted as the graviton mass. In fact, it can be proven [5] with Lemma 24 that the Wallner-Thirring form with the addition of a mass term like
in the WL must assume the following form
which imply in a modified conservation-like law
In the analogous version of the electrodynamic Lorenz gauge, for which
for all 0 ≤ α ≤ 3, the effective source of the gravitational potentials is J α = −i i β dgα dg β while the effective mass becomes M = 1 2 dg α |dg α , so that our gravitational equations assumes the following remarkably simple form:
Our form of the Einstein equation admits a very simple "force law", which is just the analog of the Newtonian theorem of work and energy variation.
Definition 32 Let ξ ∈ sec T M be a Killing vector field. The energy-flow of the gravitational potentials (g α ) ∈ D along ξ is the 1-form W ξ ∈ 1 M given by
while δW ξ = F ξ is the gravitational force along ξ.
Lemma 33 Let (g α ) ∈ D be gravitational potentials obeying Eq.(23), ξ ∈ sec T M a Killing vector field and W ξ the energy-flow of (g α ) along ξ. So the following force law is satisfied:
where T α = Mg α +J α and J α are the gravitational and matter energy-momentum currents, respectively.
Indeed, denoting by L ξ the Lie derivative along ξ and utilizing the Cartan's magic formula
From Einstein equation,
The above force law for the gravitational field is based on the electrodynamic version presented in [3] .
Lastly, we show how the Einstein equation in the form of Eq.(23) can be interpreted in terms of non-metricity.
Lemma 34 Let (g α ) ∈ D be the gravitational potentials adapted to some NM connection D whose non-metricity 1-forms are (A 
where J α is the phenomenological matter energy-momentum currents while the effective mass and sources M and J α of the gravitational field are completely given in terms of non-metricity by
In fact, by Lemmas 9 and 18, δg 
and, because
and the formula for M is proved. Lastly, from i α dg
we conclude
The result follows by contracting with i β .
To finish this section, we first give an example of how non-metricity encodes the information about the gravitational field in the Schwarzschild solution, a situation also discussed by Notte-Cuello, da Rocha and Rodrigues [17] , but from a point of view in which the non-metricity arises from the Levi-Civita connection of a Minkowski metric defined on the Schwarzschild spacetime.
2 , (t, r, θ, ϕ) the natural coordinates of M and
where ω is the pull-back of the Euclidean metric of S 2 ,
This (M, g) is called the Schwarzschild solution with mass m, and (t, r, θ, ϕ) known as Schwarzschild coordinates [18] . The gravitational potentials of (M, g) can be described by the coframe field (g α ) such that
A NM connection can be defined for which (g α ) is an adapted coframe field, once we choose its non-metricity 1-forms (A α β ) as
and with diagonal elements
where (F α ) are any differentiable functions M −→ R. It is easily proven that
so that our NM is well-defined. Finally, we indicate that a tedious computation can express the effective mass and sources M and J α of the gravitational field in terms of m and r using Lemma 34.
Conclusion
While in one hand gravitation has been interpreted in the usual geometrical formalism of GR as the curvature associated with the Levi-Civita connection of the spacetime manifold (M, g) [5] (where the Lorentzian metric is understood to represent the gravitational potential), in the other, some people tried to incorporate non-metricity to a spacetime theory (in the sense of [5] ) as an additional degree of freedom [19] to the gravitational potentials of GR. Here, we gave another interpretation to both gravitation and non-metricity. We proved that beyond the teleparallel reformulation [20] [9] of GR, the latter theory can also be equivalently reformulated in such a way that gravitation is manifest in the non-metricity of a flat torsionless connection, which we called a Non-Metricity (NM) connection (defined in section 2) relative to g.
Additionally, we found a relatively interesting form of the Einstein equation in which the gravitational potentials (g α ) obeys a set of four coupled Proca equations
where M is the effective mass and J α the effective sources of the gravitational potentials (g α ) given by Definition 26, and J α the matter energy-momentum currents. With this form of the Einstein equation, differently from the traditional Einstein "geometrical" equation
expressed in terms of the Ricci 1-forms (R α ) of the Levi-Civita connection of (M, g), with g induced by (g α ) as usual, it is clear in our Eq.(25) that the gravitational energy-momentum currents
contributes and interacts with the gravitational field itself, something which is hidden at the geometrical right-hand side of Eq.(26). Our formulation in terms of the Proca equations also yields a very simple "force" law
where W ξ is the gravitational energy-flow of Definition 32 inspired from its electromagnetic analog [3] , so that
And finally, it was proved that our form of the Einstein equation can be written entirely in terms of the components Q αβγ of the field of non-metricity of a NM connection D relative to the gravitational potentials (g α ), namely,
with the effective mass and sources of the gravitational field given by
where (A αβ ) are the non-metricity 1-forms of D, so that the gravitational phenomena is expressed in terms of the non-metricity encoded by A αβ .
A Einstein-Hilbert Lagrangian
In this Appendix, we show how the usual interpretation of GR in terms of curvature, derived from the introduction of a Levi-Civita connection in the pseudo-Riemmanian space (M, g) whose metric g is induced by the tetrad representing the gravitational potentials, arises from the Wallner Lagrangian. That is, we shall geometrize the theory in a Lorentzian space, giving a privilege to its Levi-Civita connection. First, we show that the WL can be decomposed in three terms, one of which is of Yang-Mills type. Such decomposition is due to Rodrigues and de Souza [15] .
Lemma 37 The WL can be written as
In fact, using Lemma 10,
Now we geometrize the gravitational theory.
Lemma 38 Let M be a four-dimensional parallelizable manifold, (g α ) a tetrad on M and g = η αβ g α ⊗ g β where η αβ = (−1, +1, +1, +1) the Lorentzian metric induced by (g α ). Let (R α β ) be the curvature 2-forms of the Levi-Civita connection of (M, g) and R = i α R α its Ricci scalar (where (g α ) are the Ricci 1-forms). Therefore, the WL can be written (up to an exact differential) as
Before we start our geometrization, lets prove the second equality of the latter equation. Indeed, by Eq.(2),
and therefore
We remark that the above minus sign derives from our definition of the Ricci tensor. Now, let (θ α β ) be the Levi-Civita connection 1-forms of (M, g) relative to (g α ). Recalling the first Cartan structural equation, dg α = −θ β α ∧ g β , we can prove that
On the other hand, by Eq.(8) (also, cf. Lemma 11),
Also,
and, using the proof of Lemma (9),
So, by Eqs.(27), (28) and (29), the EHL becomes
Now, the third term can be written as θ
B Transformation of Adapted Cobases of NM connections
In this Appendix we shall prove Lemma 19, deriving the condition which the transformations mapping the set of adapted cobases of D onto itself must satisfy. Let M be a parallelizable manifold and D be a NM connection in M . Let (g α ) be an adapted cobase of D and (M αβ ) an everywhere nonsingular matrix in M of functions M −→ R so that (g α ) = M β α g β is a cobase field in M . As usual, let (θ α β ) be the Levi-Civita connection 1-forms (of the pseudoRiemannian space (M, g) with g induced by (g α )) and Q αβγ be the components of the non-metricity field of D relative (g α ). But now, let (θ α β ) be the Levi-Civita connection 1-forms of (M, g) and Q αβγ be the components of the non-metricity field of D relative (g α ).
From Corollary 18, we know that θ αβ = Q αβγ ∧ g γ . But also, we know that a necessary condition for the cobase (g α ) be adapted to D is that
On the other hand, the well-known transformation rule for connection 1-forms [3] [4] yields that
Now, to compare Eqs.(33) and (34), we must determine the rule of transformation Q αβγ → Q αβγ . First, let (A αβ ) and A αβ be the 1-forms of nonmetricity of D relative to (g α ) and (g α ), respectively. Because the base fields which are the dual to (g α ) and (g α ), say, (E α ) and E α , transforms according to E α = (M −1 ) β α E β , for all X ∈ sec T M , we have Having the pleasure of cancelling the first terms of both sides, we conclude (after relabeling some indexes) that 
